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Abstract
Let σ(x, ξ) be a sufficiently regular function defined on Rd × Rd . The pseudo-differential operator with
symbol σ is defined on the Schwartz class by the formula
f → σf (x) =
∫
Rd
σ (x, ξ)fˆ (ξ)e2πixξ dξ,
where fˆ (ξ) = ∫
Rd
f (x)e−2πixξ dx is the Fourier transform of f .
In this paper, we shall consider the regularity of the following type:
(a) |∂αξ σ (x, ξ)|Aα(1 + |ξ |)−|α|,
(b) |∂αξ σ (x + y, ξ)− ∂αξ σ (x, ξ)|Aαω(|y|)(1 + |ξ |)−|α|
(α ∈ Nd ), where ω is suitable positive function and we prove boundedness results on multipliers spaces
Xr =M(Hr → L2) for pseudo-differential operators whose symbol σ(x, ξ) satisfies the regularity condi-
tion on x.
© 2005 Elsevier Inc. All rights reserved.
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Our aim in the present paper is to establish a boundedness theorem on the multiplier space for
a class of pseudo-differential operators with symbols σ(x, ξ) which have low regularity in the
spatial variable x. Using Lemma 1 established earlier in [2], we reduce the question to establish
boundedness on weighted Lebesgue spaces L2(Rd ,w dx) for weights w in the Muckenhoupt
class A2. The strategy of proof is then to adapt the results of Miller [5] on boundedness for clas-
sical pseudo-differential operators on weighted Lebesgue spaces and the technics of Coifman and
Meyer [1] for the study of nonregular pseudo-differential operators on Lebesgue spaces Lp(Rd).
A pseudo-differential operator σ with symbol σ(x, ξ), defined initially on the Schwartz class
of testing functions S(Rd), is given by
f → σf (x) =
∫
Rd
σ (x, ξ)fˆ (ξ)e2πixξ dξ, (1.1)
with
fˆ (ξ) =
∫
Rd
f (x)e−2πixξ dx
being the Fourier transform of f .
We shall consider the standard symbol class, denoted by Sm, which is the most common and
useful general symbol class. A function σ belongs to Sm (and is said to be of order m) if σ(x, ξ)
is a C∞ function of (x, ξ) ∈ Rd × Rd and satisfies the differential inequalities∣∣∂αξ ∂βξ σ (x, ξ)∣∣Aα,β(1 + |ξ |)m−|α|,
for all multi-indices α and β .
Before we state our result, we need to make precise the definition of the pseudo-differential
operator (1.1) and the class of symbols that is used.
We call modulus of continuity every function ω : [0,+∞[ → [0,+∞[ which is continuous,
increasing, concave and such that ω(0) = 0.
Definition 1. Letting ω be a modulus of continuity, we denote σ(x, ξ) ∈∑ω, if σ(x, ξ) :Rd ×
Rd → C is a continuous function and for all α ∈ Nd , there exists a constant Cα for which we
have ∣∣∂αξ σ (x, ξ)∣∣Aα(1 + |ξ |)−|α|, (1.2)∣∣∂αξ σ (x + y, ξ)− ∂αξ σ (x, ξ)∣∣Aαω(|y|)(1 + |ξ |)−|α|. (1.3)
Definition 2. Let 1 < p < ∞. A measurable function f is said to belong to the weighted Lp ,
Lp(Rd ,w dx), with weight function w, if∫
Rd
∣∣f (x)∣∣pw(x)dx < ∞.
We denote the weighted Lp norm by
‖f ‖Lp(w) =
( ∫
Rd
∣∣f (x)∣∣pw(x)dx
) 1
p
.
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integrable and satisfies the condition
sup
Q
(
1
|Q|
∫
Q
w(x)dx
)(
1
|Q|
∫
Q
w
− 1
(p−1) (x) dx
)p−1
< ∞, (1.4)
where the supremum is taken over all cubes Q in Rd .
Recall that a nonnegative weight w ∈ L1loc(Rd) is said to be in the Muckenhoupt class A1(Rd)
if
Mw(x) const w(x) a.e.,
where M is the Hardy–Littlewood maximal function defined below. The least constant on the
right-hand side of the preceding inequality is called the A1-bound of w.
Now, we recall the definition of the multiplier space Xr(Rd) introduced recently by
P.G. Lemarié-Rieusset in his work [3] (see also [4]). The space Xrof pointwise multipliers which
maps L2 into H−r is defined in the following way.
Definition 3. For 0 r < d/2, we define the space Xr(Rd) as the space of functions, which are
locally square integrable on Rd and such that pointwise multiplication with these functions maps
boundedly Hr(Rd) to L2(Rd), i.e.,
Xr = {f ∈ L2loc: ∀g ∈ Hr, fg ∈ L2}
where we denote by Hr(Rd) the completion of the space D(Rd) with respect to the norm
‖u‖Hr =
∥∥(1 −	) r2 u∥∥
L2 .
The norm of Xr is given by the operator norm of pointwise multiplication:
‖f ‖Xr = sup
‖g‖Hr1
‖fg‖L2 .
We will need the following statement established earlier in [2, Theorem 2.1], for the inho-
mogeneous Sobolev spaces Hr(Rd), which shows that many operators of classical analysis are
bounded in the space of functions f ∈M(Hr → L2).
Lemma 1. Let f ∈M(Hr → L2) where 0 r < d/2. Suppose that T is a bounded operator on
the weighted space L2(w) for every w ∈ A1(Rd). Suppose additionally that, for all f ∈ L2(w),
the inequality
‖Tf ‖L2(w)  C‖f ‖L2(w)
holds with a constant C which depends only on the A1-bound of the weight w. Then Tf ∈
M(Hr → L2) and
‖Tf ‖M(Hr→L2)  C1‖f ‖M(Hr→L2),
where the constant C1 does not depend on f .
Our result is stated as follows:
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then any pseudo-differential operator σ with symbol σ(x, ξ) ∈∑ω has a bounded extension to
all of Xr =M(Hr → L2).
To prove this theorem, we first introduce some notations. Let Q denote any cube in Rd and
write |Q| for the Lebesgue measure of Q. For a locally integrable function f , let fQ denote the
mean value of f over Q, that is,
fQ = 1|Q|
∫
Q
f (x)dx.
We list several operators we use later:
(a) The Hardy–Littlewood maximal function, Mf , for a locally integrable function f on Rd :
Mf (x) = sup
Q
1
|Q|
∫
Q
∣∣f (y)∣∣dy,
where the supremum ranges over all cubes Q containing x.
(b) Modified maximal function of f :
Mγf (x) = sup
Q
(
1
|Q|
∫
Q
∣∣f (y)∣∣γ dy
) 1
γ
,
where the supremum is taken over all cubes Q containing x.
(c) Dyadic maximal function of f :
f ∗(x) = sup
Q
1
|Q|
∫
Q
∣∣f (y)∣∣dy,
where the supremum is taken over all dyadic cubes Q, with sides parallel to the axes con-
taining x.
(d) f =(x) = sup
Q
1
|Q|
∫
Q
∣∣f (y) − fQ∣∣dy,
where the supremum is taken over all cubes Q containing x.
Lemma 2. Let w ∈ Ap , then S(Rd) is dense in Lp(Rd ,w dx), 1 <p < ∞.
We shall make use of this fact later.
Lemma 3. [1, Theorem 9] Let σ be a pseudo-differential operator with symbol σ(x, ξ) ∈∑ω.
Then the following two conditions are equivalent:
∞∑
j=0
[
ω
(
2−j
)]2
< +∞; (1.5)
for all p, 1 <p < ∞, σ is bounded on Lp(Rd). (1.6)
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C1 > 0, a function φ ∈ C∞0 (Rd) and a sequence mj , j  0, of continuous functions on Rd such
that
σ(x, ξ) =
∞∑
j=0
mj(x)φ
(
2−j ξ
)
, (1.7)
where
‖mj‖L∞ C1, (1.8)∥∥mj(x + y)−mj(x)∥∥L∞  C1ω(|y|), (1.9)
φ is supported in
1
3
 |ξ | 3 (1.10)
and ∣∣∂αξ φ(ξ)∣∣C1 for |α| d. (1.11)
Lemma 4. [1, Proposition 5, p. 46] For every symbol σ(x, ξ) ∈∑ω, we can find a sequence of
reduced symbols σk(x, ξ), k ∈ Zd , such that
σ(x, ξ) = τ(x, ξ)+
∑
k∈Zd
(
1 + |k|2)−dσk(x, ξ)
and ∣∣∂αξ τ (x, ξ)∣∣ Cα, τ(x, ξ) = 0 if |ξ | 1.
Lemma 5. [6, p. 63] Let φ be a radial, decreasing, positive and integrable function. Set φt (x) =
t−dφ(t−1x). Then
sup
t>0
∣∣φt ∗ f (x)∣∣ CMf (x) for f ∈ S(Rd).
Lemma 6. Let φ be a function in Definition 1.11. Then for t  0, there is a constant Ct such that
the inequality
|y|t
∣∣∣∣
∫
Rd
φ
(
2−j ξ
)
e2πixξ dξ
∣∣∣∣ Ct2j (d−t)
holds for all y ∈ Rd and every integer j  0.
Lemma 7. [5, Lemma 2.7] Let w ∈ A2(Rd). There is a constant C > 0 such that∥∥f ∗∥∥
L2w
 C
∥∥f =∥∥
L2w
for all f ∈ L2(Rd,w dx)∩L1(Rd).
2. An L2(Rd,w dx) theorem
After these preliminaries, we state the first main result which constitutes the main part of the
proof of Theorem 1.
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σ(x, ξ) ∈∑ω. If the modulus of continuity ω satisfies the condition
j2ω
(
2−j
)
<C for all j  0, (2.1)
then there is a constant C > 0 such that the pointwise estimate
(σf )=(x0) CMγ f (x0)
holds for all x0 ∈ Rd and f ∈ S(Rd).
Proof. The proof is based on the idea of the proof of Theorem 2.8 in [5].
Given x0 ∈ Rd , we let Q be a cube containing x0, with center x′ and diameter D. Fix a
function η ∈ C∞0 (Rd) so that 0 η(x) 1, with η(x) = 1 for |x − x′| 2D, and η(x) = 0 for
|x − x′| 3D. Then, for f ∈ S(Rd),
1
|Q|
∫
Q
∣∣σf (x)− (σf )Q∣∣dx
 2|Q|
∫
Q
∣∣σ(ηf )(x)∣∣dx + 1|Q|
∫
Q
∣∣σ ((1 − η)f )(x) − [σ ((1 − η)f )]
Q
∣∣dx.
Letting Q′ be the cube centered at x′, with sides parallel to those of Q and with diameter 4D.
Since the Hardy–Littlewood maximal operator is bounded on Lγ (Rd) for 1 < γ < ∞, we see
that the first term is dominated by
2
|Q|
∫
Q
∣∣σ(ηf )(x)∣∣dx  2
(
1
|Q|
∫
Q
∣∣σ(ηf )(x)∣∣γ dx
) 1
γ
 Cγ
(
1
|Q|
∫
Rd
∣∣(ηf )(x)∣∣γ dx
) 1
γ
(by Lemma 3)
 Cγ
(
1
|Q|
∫
Rd
∣∣f (x)∣∣γ dx
) 1
γ
 CγMγ f (x0).
To deal with the second term, we write for simplicity f for (1 − η)f , and we assume that f
has the support in the set {x: |x − x′| 2D}.
We begin by decomposing the symbol σ(x, ξ) into the sum of simpler symbols by making
use of Lemma 4. Then we can write
(σf )(x) =
∫
Rd
σ (x, ξ)fˆ (ξ)e2πixξ dξ
=
∫
Rd
τ (x, ξ)fˆ (ξ)e2πixξ dξ +
∫
Rd
f (y)
∫
Rd
∑
k∈Zd
(
1 + |k|2)−dσk(x, ξ)e2πi(x−y)ξ dξ dy
= Tf (x) +
∑
d
(
1 + |k|2)−dSkf (x).k∈Z
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contained in the set {ξ : |ξ | 1}, and τ(x, ξ) has the property that∣∣∂αξ τ (x, ξ)∣∣ Cα, α ∈ Nd .
Thus, we can write
Tf (x) =
∫
Rd
f (y)K(x, x − y)dy,
where we have set
K(x,y) = K(x,x − y) =
∫
Rd
τ (x, ξ)e2πixξ dξ.
Note that K(x,y) has the property that∣∣K(x,y)∣∣ Cm(1 + |y|)−m for all x ∈ Rd ,
where m is any integer greater than d , and Cm is a constant independent of x. In fact more
generally we have
∣∣yα∂βy K(x, y)∣∣= Aα,β
∣∣∣∣
∫
Rd
τ (x, ξ)ξβ∂αξ e
2πiyξ dξ
∣∣∣∣
Aα,β
∫
Rd
∣∣∂αξ [τ(x, ξ)ξβ]∣∣dξ
Aα,β,
with Aα,β independent of x and y. Then by Lemma 5, we have
∣∣Tf (x)∣∣
∫
Rd
∣∣f (y)∣∣∣∣K(x,x − y)∣∣dy
Cm
∫
Rd
∣∣f (y)∣∣(1 + |x − y|)−m dy
CmMf (x).
Thus, we have
(Tf )=(x0) CmMγ f (x0),
and hence
(σf )=(x0) CMγ f (x0)+
∑
k∈Zd
(
1 + |k|2)−d(Skf )=(x0).
Therefore, our next task is to examine the operator Sk . We note that σk(x, ξ) satisfies the
condition (1.7) to (1.11) in Definition 1.11 with mj,k , φk in place of mj , φ respectively, where
C’s are independent of k and also of j . Then for every k,
Skf (x) =
∫
d
f (y)
∫
d
∞∑
j=0
mj,k(x)φk
(
2−j ξ
)
e2πi(x−y)ξ dξ dy =
∞∑
j=0
Aj,kf (x).R R
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1
|Q|
∫
Q
∣∣Aj,kf (x)− (Aj,kf )Q∣∣dx
= 1|Q|
∫
Q
∣∣∣∣ 1|Q|
∫
Q
[
Aj,kf (x)− (Aj,kf )(z)
]
dz
∣∣∣∣dx
= 1|Q|
∫
Q
1
|Q|
∣∣∣∣
∫
Rd
f (y)
∫
Rd
φk
(
2−j ξ
)[
mj,k(x)e
2πi(x−y)ξ
−mj,k(z)e2πi(z−y)ξ
]
dξ dy dz
∣∣∣∣dx. (2.2)
To estimate this quantity, we consider two cases:
Case 1. 2jD  1. The last quantity is dominated by
2
∞∑
h=1
1
|Q|
∫
Q
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
mj,k(x)e
2πi(x−y)ξ dξ
∣∣∣∣dy dx
 C
∞∑
h=1
∫
Q
2hd
|Qh|
∫
2hD|y−x′|2h+1D
|f (y)|
|x − y|d+1 |x − y|
d+1
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(x−y)ξ dξ
∣∣∣∣
∣∣mj,k(x)∣∣dy dx,
where Qh is the cube with center x′ with sides parallel to those of Q and with diameter 2h+2D.
The last term is bounded by
C
∞∑
h=1
Dd2hd
(
2hD
)−d−12−j 1|Qh|
∫
Qh
∣∣f (y)∣∣dy
by Lemma 6 with t = d + 1, and the condition (1.8) of mj,k ,
C
∞∑
h=1
Dd2hd
(
2hD
)−d−12−j 1|Qh|
∫
Qh
∣∣f (y)∣∣dy  C(2jD)−1Mf (x0).
Case 2. 2jD < 1. In this case, (2.2) is dominated by
1
|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)[
mj,k(x)e
2πi(x−y)ξ −mj,k(z)e2πi(z−y)ξ +mj,k(z)e2πi(z−y)ξ
−mj,k(z)e2πi(z−y)ξ
]
dξ
∣∣∣∣dy dzdx
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∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)[
e2πi(x−y)ξ − e2πi(z−y)ξ ]mj,k(x) dξ
∣∣∣∣dy dzdx
+ 1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ
[
mj,k(x)−mj,k(z)
]
dξ
∣∣∣∣dy dzdx
= A+B.
We first estimate A:
A 1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣∣
∫
Rd
φk
(
2−j ξ
) d∑
p=1
(xp − zp)
1∫
0
2πiξpe2πi(x(t)−y)ξ dξ
∣∣∣∣∣dy dz
∣∣mj,k(x)∣∣dx
where x(t) = z + t (x − z)
 1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
|f (y)|
|y − x′|d+1/2
d∑
p=1
|xp − zp|
1∫
0
∣∣x(t)− y∣∣d+ 12
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
2πiξpe2πi(x(t)−y)ξ dξ
∣∣∣∣dt dy dz
∣∣mj,k(x)∣∣dx.
The integral with respect to ξ is handled just as in the proof of Lemma 6 with t = d + 12 and we
see that the last member is not greater than
C
∞∑
h=1
(
2hD
)d(2hD)−d−1/2D2 j2 1|Qh|
∫
Qh
∣∣f (y)∣∣dy  C(2jD) 12 Mf (x0).
Next, we estimate B:
B  1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ dξ
∣∣∣∣dy[mj,k(x)−mj,k(z)]dzdx
 1|Q|
∫
Q
1
|Q|
∫
Q
N∑
h=1
∫
h ′ h+1
∣∣f (y)∣∣
2 D|y−x |2 D
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∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ dξ
∣∣∣∣dy[mj,k(x) −mj,k(z)]dzdx
+ 1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=N+1
∫
2hD|y−x′|2h+1D
∣∣f (y)∣∣
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ dξ
∣∣∣∣dy[mj,k(x) −mj,k(z)]dzdx
= B1 +B2,
where N is the integer which satisfies 2ND < 1 2N+1D.
B1 = 1|Q|
∫
Q
1
|Q|
∫
Q
N∑
h=1
∫
2hD|y−x′|2h+1D
|f (y)|
|z − y|d |z − y|
d
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ dξ
∣∣∣∣dy[mj,k(x)−mj,k(z)]dzdx
 C′
N∑
h=1
(
2hD
)d(2hD)−dω(D) 1|Qh|
∫
Qh
∣∣f (y)∣∣dy
by Lemma 6 with t = d and the condition (1.9) of mj,k ,
B1 CNω
(
2−N
)
Mf (x0),
B2 = 1|Q|
∫
Q
1
|Q|
∫
Q
∞∑
h=N+1
∫
2hD|y−x′|2h+1D
|f (y)|
|z − y|d |z − y|
d
·
∣∣∣∣
∫
Rd
φk
(
2−j ξ
)
e2πi(z−y)ξ dξ
∣∣∣∣dy[mj,k(x)−mj,k(z)]dzdx
 C′′
∞∑
h=N+1
(
2hD
)d(2hD)−d−12−jω(D) 1|Qh|
∫
Qh
∣∣f (y)∣∣dy
by Lemma 6 with t = d + 1 and the condition (1.9) of mj,k ,
B2 C′′
∞∑
h=N+1
(
2hD
)−12−jω(1)Mf (x0) C′′2−jMf (x0).
Thus we have
B  B1 +B2  C′Nω
(
2−N
)
Mf (x0)+C′′2−jMf (x0)

{
C′Nω
(
2−N
)+C′′2−j}Mf (x0).
Putting two cases together, we have shown that if Q is any cube containing x0, then
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=(x0)
∞∑
j=0
(Aj,kf )
=(x)

{
C
∑
2jD1
(
2jD
)−1 +C′ ∑
2jD<1
(
2jD
) 1
2
+
∑
2jD<1
(
C′Nω
(
2−N
)+C′′2−j )
}
Mf (x0)

{
C +N2ω(2−N )}Mf (x0) CMf (x0)CMγ f (x0).
We thus find that
(σf )=(x0) CMγ f (x0)+
∑
k∈Zd
(
1 + |k|2)−dCMγ f (x0) CMγ f (x0).
Summarizing, we have shown that if Q is any cube containing x0, then
1
|Q|
∫
Q
∣∣σf (x) − (σf )Q∣∣dx
 (σf )=(x0)+
[
T
(
(1 − η)f )] =(x0) + ∑
k∈Zd
(
1 + |k|2)−d[Sk((1 − η)f )]=(x0)
 CMγ f (x0)+CMγ
(
(1 − η)f )(x0)
 CMγ f (x0),
where the constant C is independent of Q, f and x0. When we take the supremum of the left
side over all cubes Q containing x0, we finally obtain the desired inequality:
(σf )=(x0) CMγ f (x0)
for all x0 ∈ Rd , f ∈ S(Rd). 
We are ready to prove a basic result about pseudo-differential operators.
Theorem 3. If w ∈ A2(Rd) and if the modulus of continuity ω satisfies the condition
j2ω(2−j ) < C, for all j ∈ N, then any pseudo-differential operator σ with symbol σ(x, ξ) ∈∑
ω, initially defined on S , extends to a bounded operator from L2(Rd,w dx) to itself.
To prove the theorem, it suffices to show that
‖σf ‖L2w  C‖f ‖L2w , whenever f ∈ S,
with C independent of f .
Proof. We prove this in the same way as was used by [5, Theorem 2.12]. If f ∈ S(Rd), then
since σf ∈ L2(Rd,w dx)∩L1(Rd),
‖σf ‖L2w 
∥∥(σf )∗∥∥
L2w
C
∥∥(σf )=∥∥
L2w
 C‖Mγf ‖L2w , if 1 < γ < ∞
 C‖f ‖L2 , if 1 < γ < 2.w
S. Gala / J. Math. Anal. Appl. 324 (2006) 1262–1273 1273(cf. [5, Theorem 2.12]). Because of Lemma 2, we can extend σ to a bounded operator on
L2(Rd,w dx). 
Theorem 1 follows by combining Theorem 3 with Lemma 1.
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